A VARIATION OF MCSHANE'S IDENTITY FOR 2-BRIDGE 

LINKS 
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Abstract. We give a variation of McShane's identity, which describes the 
cusp shape of a hyperbolic 2-bridge link in terms of the complex translation 
lengths of simple loops on the bridge sphere. We also explicitly determine 
the set of end invariants of SL(2, C)-characters of the once-punctured torus 
corresponding to the holonomy representations of the complete hyperbolic 
structures of 2-bridge link complements. 
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1. Introduction 



In his Ph.D. thesis |21j . McShane proved the following remarkable identity 
concerning the lengths of simple closed geodesies on a once-punctured torus 
with a complete hyperbolic structure of finite area (see also [7| 124]): 



Here C denotes the set of all simple closed geodesies on a hyperbolic once- 
punctured torus, and l((3) denotes the length of a closed geodesic (3. This 
identity has been generalized to cusped hyperbolic surfaces by McShane him- 
self [22], to hyperbolic surfaces with cusps and geodesic boundary by Mirza- 
khani [23], and to hyperbolic surfaces with cusps, geodesic boundary and coni- 
cal singularities by Tan, Wong and Zhang [34]. A wonderful application to the 
Weil-Petersson volume of the moduli spaces of bordered hyperbolic surfaces 
was found by Mirzakhani [23] . Bowditch [8] showed that the identity (CQ) is also 
valid for all quasifuchsian punctured torus groups where is regarded as 
the complex translation length of the hyperbolic isometry corresponding to the 
closed geodesic (3. Moreover, he gave a nice variation of the identity for hyper- 
bolic once-punctured torus bundles, which describes the cusp shape in terms 
of the complex translation lengths of simple loops on the fiber torus [9] . Other 
3-dimensional variations have been obtained by [31 HJ [331 EH E51 ESI EH EH] • 

The main purpose of this paper is to prove yet another 3-dimensional vari- 
ation of McShane's identity, which describes the cusp shape of a hyperbolic 
2-bridge link in terms of the complex translation lengths of essential simple 
loops on the bridge sphere (Theorems 12.21 and 12.31) . This proves a conjecture 
proposed by the second author in [27]. The proof of the main results is applied 
to the study of the end invariants of SL(2, (C)-characters of the once-punctured 
torus introduced by Bowditch [8] and Tan, Wong and Zhang [33] . In fact, we 
explicitly determine the sets of end invariants of SL(2, C)-characters of the 
once-punctured torus corresponding to the holonomy representations of the 
complete hyperbolic structures of 2-bridge link complements (Theorems 18.41 

This paper is organized as follows. In Section [21 we give an explicit state- 
ment of the main result. In Section [31 we recall basic facts concerning the 
orbifold fundamental group of the (2, 2, 2, oo)-orbifold, which connects the 
once-punctured torus and the 4-punctured sphere. In Section [H we recall 
basic facts concerning the type-preserving PSL(2, (C)-representations of the 



(1) 
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orbifold fundamental group. In Section El we describe a certain natural trian- 
gulation of the cusps of hyperbolic 2-bridge complements, following [12], [29]. In 
Section [6j we give a proof of the main result. In Section [TJ we give an explicit 
homological description of the longitudes of 2-bridge links in the definition of 
the cusp shapes in Theorems 12.21 and 12.31 In the final section, Section [BJ we 
applied the proof of the main results to the study of the set of end invariants. 

The authors would like to thank Hirotaka Akiyoshi, Brian Bowditch, Toshi- 
hiro Nakanishi, Caroline Series and Ser Peow Tan for stimulating conversa- 
tions. 

2. Statement of the main result 

Let T, S and O, respectively, be the once-punctured torus, the 4-times 
punctured sphere, and the (2, 2, 2, oo)-orbifold (i.e., the orbifold with under- 
lying space a once-punctured sphere and with three cone points of cone angle 
7r). They have R 2 — Z 2 as a common covering space. To be precise, let 
H and H, respectively, be the groups of transformations on R 2 — Z 2 gener- 
ated by 7r-rotations about points in Z 2 and (|Z) 2 . Then T = (R 2 — Z 2 )/Z 2 , 
S = (R 2 — Z 2 )/H and O = (R 2 — Z 2 )/H. In particular, there are a Z 2 -covering 
T — 7- O and a Z 2 © Z 2 -covering S — > O: the pair of these coverings is called 
the Fricke diagram and each of T, S, and O is called a Fricke surface (see 

A simple loop in a Fricke surface is said to be essential if it does not bound 
a disk, a disk with one puncture, or a disk with one cone point. Similarly, 
a simple arc in a Fricke surface joining punctures is said to be essential if it 
does not cut off a "monogon", i.e., a disk minus a point on the boundary. 
Then the isotopy classes of essential simple loops (essential simple arcs with 
one end in a given puncture, respectively) in a Fricke surface are in one-to-one 
correspondence with Q := Q U {1/0}: a representative of the isotopy class 
corresponding to r G Q is the projection of a line in R 2 (the line being disjoint 
from Z 2 for the loop case, and intersecting Z 2 for the arc case). The element 
r e Q associated to a loop or an arc is called its slope. An essential simple 
loop of slope r in T or O is denoted by (3 r , while that in S is denoted by a r . 
The notation reflects the following fact: after an isotopy, the restriction of the 
projection T — > O to (3 r (c T) gives a homeomorphism from (3 r (c T) to /3 r 
(c O), while the restriction of the projection S — > O to a r gives a two-fold 
covering from a r (c S) to (3 r (c O). 

Now we recall the definition of a 2-bridge link. To this end, set (S 2 , P) = 
(R 2 ,Z 2 )/if and call it the Conway sphere. Then S 2 is homeomorphic to the 
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2-sphere, P consists of four points in S 2 , and S 2 — P is the 4-punctured sphere 
S. We also call S the Conway sphere. A trivial tangle is a pair (B 3 ,t), where 
B 3 is a 3-ball and t is a union of two arcs properly embedded in B 3 which is 
parallel to a union of two mutually disjoint arcs in dB 3 . By a rational tangle, 
we mean a trivial tangle (B 3 , t) which is endowed with a homeomorphism from 
d(B 3 ,t) to (S 2 ,P). Through the homeomorphism we identify the boundary 
of a rational tangle with the Conway sphere. Thus the slope of an essential 
simple loop in dB 3 — t is defined. We define the slope of a rational tangle to be 
the slope of an essential loop on dB 3 — t which bounds a disk in B 3 separating 
the components of t. (Such a loop is unique up to isotopy on dB 3 — t and so 
the slope of a rational tangle is well-defined.) 

For each r e Q, the 2-bridge link K(r) of slope r is defined to be the 
sum of the rational tangles of slopes oo and r, namely, (S 3 , K{r)) is obtained 
from (B 3 ,t(oo)) and (B 3 ,t(r)) by identifying their boundaries through the 
identity map on the Conway sphere (S 2 ,P). (Recall that the boundaries of 
rational tangles are identified with the Conway sphere.) K(r) has one or two 
components according to whether the denominator of r is odd or even. We 
call (B 3 ,t(oo)) and (B 3 ,t(r)), respectively, the upper tangle and lower tangle 
of the 2-bridge link. 

The topology of 2-bridge links is nicely described by using the Farey tessel- 
lation T>, the tessellation of the hyperbolic plane H 2 obtained from the ideal 
triangle (0, 1, oo) by successive reflection in its edges. The vertex set of the 
Farey tessellation is equal to Q := Q U {1/0} C <9H 2 and so identified with 
the set of isotopy classes of essential simple loops on a Fricke surface, via the 
correspondence s t— > a s or (3 S - Schubert's classification theorem of 2-bridge 
links [30] shows that two 2-bridge links K(r) and K(r') are equivalent (i.e., 
there is a self-homeomorphism of S 3 carrying one to the other) if and only if 
there is an automorphism of D which maps the set {oo,r} to {oo,r'}. 

For each r e Q, let T r be the group of automorphisms of D generated by 
reflections in the edges of D with an endpoint r, and let r r be the group 
generated by T r and Too. Then the region, R, bounded by a pair of Farey 
edges with an endpoint oo and a pair of Farey edges with an endpoint r forms 
a fundamental domain of the action of T r on H 2 (see Figure [1]). Let h(r) 
and hir) be the closed intervals in R obtained as the intersection with R of 
the closure of R. Suppose that r is a rational number with < r < 1. (We 
may always assume this except when we treat the trivial knot and the trivial 
2-component link.) Write 
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ai H 

o n 

where n > 1, (ai, . . . , a n ) G (Z + ) n , and a n > 2. Then the above intervals are 
given by h(r) = [0, ri] and ^(j") = [ r 2, 1], where 



r 2 



[d, 02, • • • , a„_i] if n is odd, 

[d, 02, ■■■ , a„_i, a n — 1] if n is even, 

[ai, 02, ■■■ , a n _i, a n — 1] if n is odd, 

[ai, 02, ■ ■ ■ , a„_i] if n is even. 




Figure 1 . A fundamental domain of f r in the Farey tessella- 
tion (the shaded domain) for r = 5/17 = [3, 2, 2]. 

The following theorem was established by |25j and [H]. 

Theorem 2.1. (1) [25, Proposition 4.6] If two elements s and s' of Q belong 
to the same orbit T r -orbit, then the unoriented loops a s and a s > are homotopic 
in S 3 -K(r). 

(2) [T4"| Lemma 7.1] For any s G Q, there is a unique rational number 
s Q G h(r) U U {oo,r} such that s is contained in the T r -orbit of s . In 
particular, a s is homotopic to a SQ in S 3 — K{r). Thus if sq G {oo,r}, then a s 
is null-homotopic in S 3 — K(r). 



(3) [14, Main Theorem 2.3] The loop a s is null-homotopic in S 3 — K(r) if and 
only if s belongs to the t r -orbit of oo or r . In particular, if s € Ii(r) U Izir), 
then a s is not null-homotopic in S 3 — K(r). 

Moreover, it is proved by [T5l [1~6| [T7] that generically two simple loops a s 
and a s i with s, s' 6 U are homotopic in the link complement only 

when s — s' (see Theorem 16. 3p . 

Now assume r = q/p, where p and q are relatively prime positive integers 
such that q ^ ±1 (mod p). This is equivalent to the condition that K(r) is 
hyperbolic, namely the link complement S 3 — K(r) admits a complete hyper- 
bolic structure of finite volume. Let p r be the PSL(2, C)-representation of 
tci(S) obtained as the composition 

7n(5) -Uti^/Ra)) ^ ^(S 3 - K(r)) ^Isom + (H 3 ) ^ PSL(2,C), 

where the last homomorphism is the holonomy representation of the complete 
hyperbolic structure of S 3 — K(r). Since n(S 3 — K(r)) is generated by two 
meridians, p r (iTx(S)) is generated by two parabolic transformations. Hence 
the hyperbolic manifold 5* 3 — K(r) admits an isometric Z/2Z © Z/2Z-action 
(see [39, Section 5.4] and Figure |2]), and so the PSL(2, (C)-representation p r 
of iri(S) extends to that of 7Ti(0). Moreover, this extension is unique (see [5], 
Proposition 2.2]). So we obtain, in a unique way, a PSL(2, (C)-representation 
of vri(T) by restriction. We continue to denote it by p r . 




Figure 2. The symmetries of S 3 - K(r). 

Note that each cusp of the hyperbolic manifold S 3 — K(r) carries a Euclidean 
structure, well-defined up to similarity, and hence it is identified with the quo- 
tient of C (with the natural Euclidean metric) by the lattice Z©ZA, generated 
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by the translations [£ t— > ( + 1] and [C ^ C + ^] corresponding to the meridian 
and a (suitably chosen) longitude, respectively. This A does not depend on the 
choice of the cusp, because when K(r) is a two- component 2-bridge link there 
is an orientation-preserving isometry of S 3 — K(r) interchanging the two cusps 
(see Figure [2]). We call A the modulus of the cusp and denote it by \(K(r)). 
In this paper, we prove the following variation of McShane's identity which 
describes the modulus X(K(r)) in terms of the complex translation lengths of 
the images by p r of essential simple loops on T. 

Theorem 2.2. For a hyperbolic 2-bridge link K(r), the following identity 
holds: 

2 S 1 _|_ e l Pr (Ps) + 2 S 1 _|_ e l Pr (fis) + S 1 _|_ e l Pr (Ps) = _1 ' 

seinUi(r) seint/ 2 (r) s£dh(r)UdI 2 (r) 

where l Pr ((3 s ) denotes the complex translation length of the hyperbolic isometry 
p r {f3 s ). Furthermore, the modulus X(K(r)) of the cusp torus of the cusped 
hyperbolic manifold S 3 — K(r) with respect to a suitable choice of a longitude 
is given by the following formula: 

X(K(r)) = < 2 1 + e i Pr (M + Yl i + e i P APs) 

1 \ seint/i(r) sedh(r) 

2^ i + e i Pr (M + 1^ i + e i Pr Ws) + 

seint/2(»") s£dh(r) 



\K(r) 

where \K(r)\ denotes the number of components of Kir 



In the above theorem and in the remainder of this paper, we abuse notation 
to use the symbol (3 S to denote an element of 7Pl(T) represented by the sim- 
ple loop P. s with an arbitral orientation. Though such an element of tti{T) is 
determined only up to conjugacy and inverse, the complex translation length 
of p r ({3 s ) is uniquely determined by the slope s. Here the complex translation 
length of an orientation-preserving isometry of M 3 is an element of C/27iiZ 
whose real part is the translation length along the axis of the isometry and 
whose imaginal part is the rotation angle around the axis. If p r (/3 s ) is repre- 
sented by a matrix A G SL(2, C), then the complex translation length l Pr (l3 s ) 

is determined by the formula trA = cosh ^zl&l j and the condition that the 

real translation length L(p r (a s )) := 3?(£ Pr (/3 s )) is non-negative. 
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At the end of this section, we restate the above theorem in terms of the 
hyperbolic 3-orbifold O(r) := S 3 - K(r)/(Z/2Z © Z/2Z), the quotient of the 
hyperbolic manifold S 3 — K(r) by the isometric Z/2Z © Z/2Z-action. To this 
end, note that the action extends to an action on (S 3 ,K(r)) satisfying the 
following conditions (see Figure [2]) . 

(1) If we regard S 3 as the one-point compactification of M 3 , then the action 
on S 3 consists of the 7r-rotations around the three coordinate axes. In 
particular, the singular set, F, is the union of the three axes and the 
point at infinity. 

(2) If K(r) is a knot, then both of the Z/2Z-factors act on K(r) as re- 
flections, and so K(r) intersects F in 4-points. Each of the four sub- 
intervals of K{r) divided by K(r) n F forms a fundamental domain of 
the restriction of the action to K(r). 

(3) If K(r) has two components, then one of the Z/2Z-factors interchanges 
the components of K(r) and the other factor preserves both components 
of K(r) and acts on each component as a reflection. In particular, each 
component of K(r) intersects F in two points, and each of the four sub- 
intervals of K(r) divided by K(r) D F forms a fundamental domain of 
the restriction of the action to K(r). 

Hence the orbifold 0{r) has a single cusp, which forms a Euclidian orbifold of 
type (2,2,2,2), i.e, the orbifold with underlying space S 2 and with four cone 
points of cone angle tt. Recall that the cusp torus of S 3 — K(r) is identified 
with the quotient of C by the lattice Z © ZA, generated by the translations 
[£ !-»• C + 1] and [( h-> ( + A] corresponding to the meridian and a (suitably 
chosen) longitude, respectively. By the above description of the Z/2Z©Z/2Z- 
action, we see that the cusp of 0(r) is the quotient of C by the group generated 
by 7r-rotations around the origin 0, the point ~, and the point ^ K ^ X. It 

should be noted that the line segment in C joining and L^MI a projects 
homeomorphically onto a simple arc joining two cone points in dO(r), whose 
inverse image in S 3 — K{r) forms a longitude if K(r) is a knot; it forms a 
union of longitudes of the two components if K(r) is a 2-component link. We 
call the simple arc in dO(r) a longitude. We set 



and call it the modulus of the cusp of O(r) with respect to the longitude. Then 
Theorem 12.21 is paraphrased as follows. 
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Theorem 2.3. For a hyperbolic 2-bridge link K(r), the modulus of the cusp 
of the quotient orbifold 0(r) with respect to a suitable choice of a longitude is 
given by the following formula: 



An explicit description of the longitude in Theorems 12.21 and 12.31 is given by 
Proposition 17.11 



where D := (ABC) -1 is represented by the puncture of O. We call D the 
distinguished element. Since T and S are finite regular coverings of the orbifold 
O, the fundamental groups of T and S are regarded as normal subgroups of 
7Ti(0) of indices 2 and 4, respectively. 

By picking a complete hyperbolic structure of O (and hence of T), we iden- 
tify the universal covering space O = T with (the upper-half-space model 
of) the hyperbolic plane H 2 = {z G C | ^s(z) > 0}, and identify iri(0) with a 
Fuchsian group (see Figure [3]). We assume that D is identified with the follow- 
ing parabolic transformation having the ideal point oo of H 2 as the parabolic 
fixed point: 



Then the points A(oo), B(oo) and C(oo) lie on R from left to right in this 
order. After a coordinate change, we may assume that the images of the 
three geodesies joining oo with these three points, in the universal abelian 
cover M 2 — Z 2 of T, are open arcs of slopes 0, 1 and oo, joining the puncture 
(0, 0) with (1, 0), (1, 1) and (0, 1), respectively. Thus the images of these three 
geodesies in T are mutually disjoint arcs properly embedded in T, which divide 
T into two ideal triangles, and thus they determine an ideal triangulation of 
T. 

We now recall the well-known correspondence between the ideal triangula- 
tions of T and the Farey triangles, i.e., a triangle in the Farey tessellation 
D. The vertex set of D is equal to Q := Q U {1/0} C dU 2 and each vertex 




(2) 



3. The orbifold fundamental group ir\{0) 
The orbifold fundamental group of O has the presentation: 
) tti(0) = (A, B,C \ A 2 = B 2 = C 2 = 1), 



D(z) = z + l. 
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D 



A 6 Bb Cb 9 D(A) 




A(ao) fl(oo) C(oo) DA(oo) 



Figure 3. The Fuchsian group (A,B,C). The symbols A, B, 

o o 

C, D(A) and B(C) are situated near the fixed points in H 2 of 
the involutions they denote. 



s determines a properly embedded arc 5 S in T of slope s, i.e., the arc in T 
obtained as the image of the straight arc of slope r in I 2 - Z 2 joining punc- 
tures. If cr = (so,si,S2) is a Farey triangle, then the arcs 5 So , 5 Sl and 5 S2 are 
mutually disjoint and they determine an ideal triangulation of T. In the fol- 
lowing we assume that the orientation of a = (s Q , s%, s 2 ) is coherent with the 
orientation of the Farey triangle (0, 1, oo), where the orientation is determined 
by the order of the vertices. Then the oriented simple loop in T around the 
puncture representing D 2 meets the edges of the ideal triangulation trg(cr) of 
slopes so, si, S2 in this cyclic order, for every Farey triangle a = (so, S\, S2). 

By using the above notation, the generators A, B and C in fl2]) are described 
as follows. Consider the ideal triangulation trg(er) of T determined by the 
Farey triangle a = (0,1, 00). It lifts to a 7ri(0)-invariant tessellation of the 
universal cover T = H 2 . Let {ej}j € z be the edges of the tessellation emanating 
from the ideal vertex 00, lying in H 2 from left to right in this order. For each 
ej, there is a unique order 2 element, Pj, in fti{0) which inverts ej. We may 
assume after a shift of indices that e^j, &3j+i and e3j + 2 project to the arcs in 
T of slopes 0, 1 and 00, respectively, for every j G Z. Then any triple of 
consecutive elements (P 3 j, P^j+ii -P3J+2) serves as (A,B,C). Throughout this 
paper, (A, B, C) represents the triple of specific elements of vri(O) obtained in 
this way. We call {Pj}j £ i the sequence of elliptic generators associated with 
the Farey triangle a. 

The above construction works for every Farey triangle a = (sq, si, S2), and 
the sequence of elliptic generators associated with it is defined. (Here we 
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use the assumption that the orientation of (soj s i> s 2) is coherent with the 
orientation of (0, 1, oo).) Any triple of three consecutive elements in a sequence 
of elliptic generators is called an elliptic generator triple. A member, P, of an 
elliptic generator triple is called an elliptic generator, and its slope s(P) G Q 
is defined to be the slope of the arc in T obtained as the image of the geodesic 
(oo,P(oo)). (Here it should be noted that oo is the parabolic fixed point of 
the distinguished element D.) For example, we have 

(s(A),s(B),s(C)) = (0,l,oo). 

When we say that {Pj}j & z is the sequence of elliptic generators associated 
with a Farey triangle a = (sq, s±, s 2 ), we always assume that 

(s(-P3m), s(P 3m+ i), s(P 3m+2 )) = (s ,Si,s 2 ). 

Thus the index j is well defined modulo a shift by a multiple of 3. We sum- 
marize the properties of elliptic generators (cf. [5j Section 2.1]), by using the 
following non-standard notation which was introduced in [10] . 

(3) For elements X, Y of a group G, X(Y) denotes XYX~\ 

o 

We view X as an element of the automorphism group of G. 

Proposition 3.1. (1) Let {Pj}jgz be the sequence of elliptic generators asso- 
ciated with a Farey triangle a. Then the following hold for every j G Z. 

(i) tti(o) = (p,-,p i+1 ,p i+2 1 p; = pf +1 = pf +i = 1). 

(ii) Pj + 2Pj+\Pj is equal to the distinguished element D of tti(0). 

o 

(iii) With the notation of (j3J), P/+3m — D m (Pj) for every m e Z. 

(iv) (s(Pj), s(Pj + i), s(Pj + 2)) is a Farey triangle and its orientation is co- 
herent with (0, 1, 00). 

o 

(2) Let P and P' be elliptic generators of the same slope. Then P = D m (P) 
for some m G Z. Let a = (s ,Si,s 2 ) and a 1 = (s' , s[, s 2 ) be Farey triangles 
sharing the edge (s ,si) = (s' ,s' 2 ), and let {Pj} and {Pj}, respectively, be the 
sequences of elliptic generators associated with a and a' . Then the following 
identity holds after a shift of indices by a multiple of 3 (see Figure^). 

The above proposition motivates us to introduce the following definition, 
which is used in the description of a cusp triangulation of the 2-bridge link 
complement. 
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Figure 4. Adjacent sequences of elliptic generators. The 
symbol O (O, respectively) indicates a triangle in which coherent 
reading of the vertices is counter-clockwise (clockwise, respec- 
tively). 



Definition 3.2 (Chain). By a chain of Farey triangles, we mean a (non-empty) 
finite sequence £ = (a%, . . . , a m ) of mutually distinct Farey triangles such that 
(jj+i is adjacent to o~i for each % (1 < % < m — 1). 

Definition 3.3 (Elliptic generator complex). Let S = (o~i, . . . , a m ) be a chain 
of Farey triangles. 

(1) £(£) (or £(<7i, . . . ,<7 m )) denotes the simplicial complex constructed as 
follows, and we call it the elliptic generator complex associated with the chain 
£: 

(i) The vertex set £(£)(°) is identified with the set of elliptic generators 
whose slope is contained in £(°). 

(ii) The edge set £(E)^) is identified with the set of the ordered pairs 
(P, Q) of elliptic generators, which appears (successively in this order) 
in a sequence of elliptic generators associated with a triangle of E. 

(iii) The set £(E) < - 2 - ) of the 2-simplices is identified with the set of the 
elliptic generator triples (P,Q,R) such that (P,Q), (Q,R) and (P,R) 
are edges of £(S). 

(2) The self-map P i— > D(P) on L(Ti)^ induces a simplicial automorphism 
on £(S), and we denote it by the symbol D. 

(3) £(E)/ (D) and £(E)/(.D 2 ), respectively, denote the abstract cell complex 
obtained as the quotient of £(S) by the group (D) and (D 2 ). 
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The 1-skeleton of £(£) is obtained as the union of the 1- dimensional simpli- 
cial complex £(o~i) (er^ G S^ 2 ^), which is obtained by joining the vertices {Pj}, 
the sequence of elliptic generators associated with <jj, successively by edges. 

4. Markoff maps and type-preserving representations 

In this section, we recall basic facts concerning type-preserving PSL(2, C)- 
representations of 71*1 (O), and explain a key proposition, Proposition U3J which 
was established by Bowditch [S] and generalized by [3] and [5B] . 

A PSL(2, C)-representation of 7Ti(T) or 7Tx(0) is type-preserving if it is 
irreducible (equivalently, it does not have a common fixed point in dM 3 ) and 
sends peripheral elements to parabolic transformations. When we mention 
a type-preserving representation p : ttx(0) —> PSL(2,C), we always assume 
that the image of the distinguished element D is given by 

(4) P(D) = (J J). 

Since 7Ti(T) is a free group, any type-preserving representation p : 7T;l(T) — > 
PSL{2, C) lifts to a presentation p : vri(T) — > SL{2, C), which is type-preserving, 
in the sense that it is irreducible and sends peripheral elements to parabolic 
transformations. For a type-preserving SL(2, (C)-representation p : 7Ti(T) — > 
SL(2,C), let = 0^ be the map from D< > = Q to C defined by = 
tr(p(/3 s )). Then it is a nontrivial Markoff' map in the sense of [8], that is: 

(i) For any Farey triangle (so, si,s 2 ), the triple (</>(so), (fi(si), 4>( s 2)) is a 
nontrivial Markoff triple, that is, it is a nontrivial solution of the 
Markoff equation 

2 1 2 1 2 
x + ?/ + z = xyz. 

Here, being nontrivial means (x, y, z) 7^ (0, 0, 0). 

(ii) For any pair of triangles (so, S\, S2) and (s\, S2, S3) of D sharing a com- 
mon edge (si, S2), we have 

0(S O ) + 0O 3 ) = 0(Si)0(s 2 ). 

Lemma 4.1. Let p : 7T;l(0) — > PSL(2,C) be a type-preserving representation 
satisfying the normalization condition and let <fi be a Markoff map induced 
by a type-preserving representation p : ^(T) — > SL{2, C) which is a lift of the 
restriction of p to it\ (T) . 

(1) Let P be an elliptic generator of slope s. 
(i) // <f)(s) 7^ ; then p(P) is the ir-rotation about the geodesic with end- 
points c(p(P)) ±i/(j)(s), where c(p(P)) = p(P)(oo) £ C. 
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(ii) If <p(s) = 0, then p(P) is the n-rotation about a vertical geodesic, i.e., 
a geodesic in the upper-half space model of the hyperbolic space which 
has oo as an endpoint. 

(2) Let {Pj} be the sequence of elliptic generators associated with a Farey 
triangle a = (s ,Si,s 2 ). 

(i) If<P{ Sl )<p{s 2 )^0, then 

c(p(P 2 )) - c(p(P 1 )) = y 

(ii) // 0(so)0(si)0(s2) 7^ 0, then {c(p(Pj))} is a sequence of points in C 
such that c(p(Pj)) + 1 = c{p{Pj +3 )). 

(iii) If (j)(s ) = 0, then 0(si)0(s 2 ) ^ and c(p(P 1+3k )) = c(p(P 2+3fe )) and 
p(P?jk) is a n-rotation about a vertical geodesic, where the end point of 
its axis in C is the midpoint between c(p(P_ 2+3 fc)) = c(p(P_i +3 fc)) and 

c(p(Pi+ 3 fe)) = c(p(P 2 +3fe))- 

(iv) Suppose 0(sq) = ; where s' Q is the vertex of T> opposite to s with re- 
spect to the edge (si, s 2 ) . Then (p(s )<p(si)4>(s 2 ) ^ and c(p(P_i +3 fc)) = 
c(p(Pi +3fc )). 

Proof. The assertions of the lemma except for (2-iv) are contained in [51 Propo- 
sition 2.2.4]. To prove (2-iv), note that the assumption 4>(s' ) = implies that 
4>(s 2 ) = ±icf)(si) and (fi(so) = ±i(fi(si) 2 . Since (0(s' o ), </>(si), (fi(s 2 )) is nontrivial, 
this implies that 0(si) 7^ and so none of <p{sj) (j G {0, 1, 2}) is 0. □ 

The following definition is used in a description of cusp triangulations of 
hyperbolic 2-bridge link complements. 

Definition 4.2. Let p : ^i(O) — > PSX(2,C) be a type-preserving representa- 
tion satisfying the normalization condition (T4|). 

(1) Let a = (s ,Si,s 2 ) be a Farey triangle such that 0(s o )0(si)0(s 2 ) 7^ 0. 
Then £(p, cr) denotes the (possibly singular) bi-infinite zigzag line in C which 
is obtained by successively joining the points {c(p(Pj))}, where {Pj} is the 
sequence of elliptic generators associated with a. We note that £(p, a) is 
invariant by the transformation z 1— > z + 1. 

(2) We say that £(p, a) is simple, if the underlying space |£(p, cr) | is home- 
omorphic to the real line K. and {c(p(Pj))} sits on it in the order of the suffix 

jeZ. 

(3) We say that £(p, a) is simply folded at the vertex c(p(Pj)), if c(p(P 7 _i)) = 
c(p(Pj + i)) and the horizontal line, L, passing through this point does not 
contain c(p(Pj)). In this case, the underling space |£(p, c)\ is the union of L 
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and the "spikes" joining c(p(P j+3k )) and c(p(P i _i +3fc )) = c(p(P j+ i +3k )) e L, 
where k runs over all integers. We call L the horizontal line determined by 
£(p, a). If s is the slope of the elliptic generator Pj, we also say that £(p, a) is 
simply folded at the slope s. We say that £(p, a) is simply folded if it is simply 
folded at some slope (which is a vertex of a). 

(4) Let S = ((Ti, o"2, . . . , a m ) be a chain of Farey triangles such that -1 (O) D 
= 0. Then £(p,£) denotes the union of the bi-infinite zigzag lines 
{L(p,ai)} in C. 

Remark 4.3. By Lemma [4.1( 2). £(p, cr) is simply folded at the slope s only 
when <p(s') = 0, where s' is the vertex of D opposite to s with respect to the 
edge of a which does not contain s. 

Let T be a binary tree (a countably infinite simplicial tree all of whose 
vertices have degree 3) properly embedded in H 2 dual to D. A directed edge, 
e, of T can be thought of an ordered pair of adjacent vertices of 7, referred to 
as the head and tail of e. Following [8j, we use the notation e (si, s 2 ; s o> s 3) 
to mean that s , si, s 2 and s 3 are the ideal vertices of T> such that 

(i) the Farey edge (si, s 2 ) is the dual to e, and 

(ii) the Farey triangle (so, si, s 2 ) ((si, S2, s 3 ), respectively) is dual to the 
head (tail, respectively) of e, if e (si, s 2 ; so, S3). 

If 0(si)0(s 2 ) 7^ 0, then we set 

0( s o) 

^(e) - 



0(si)0(s 2 )' 

Then Lemma I4.l( 2-i) is rephrased as follows: 

(5) c(p(p 2 ))-c( P (p 1 )) = m- 

We regard if) = ip^ as a map from the set of oriented edges e -H- (si, s 2 ; s , s 3 ) 
of T such that 0(si)0(s 2 ) 7^ 0, and we call it the complex probability map 
associated with the Markoff map <fi. We note that this map is determined by 
the type-preserving representation p : 7i"i(T) — > PSL(2,C) obtained from the 
type-preserving SL (2, (C)-representation of tti(T) inducing the Markoff map 
<p. So we also call if) the complex probability map associated with p. 

By a complementary region of 7, we mean the closure of a connected com- 
ponent of H 2 — T. Let Q be the set of complementary regions of 7. Then 
there is a natural bijection from Q to Q. In the following we identify Q with 
Q. Let e -H- (si, s 2 ; so, S3) be a directed edge of T. If we remove the interior of 
e from 7, we are left with two disjoint subset, which we denote by 7 ± (e), so 
that e fl 7 + (e) is the head of e and e fl 7~{e) is its tail. Let f^e) C fl be the 
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set of regions whose boundaries lie in S ± (e), and set f2°(e) = s 2 }. We see 
that Q can be written as the disjoint union: Q = Q°(e) U Q + (e) U Q~(e). Set 
fiO-(e) = fi°(e) U fi-(e) and fi 0+ (e) = fi°(e) U fi+(e). We quote the follow- 
ing key proposition from [3j Proposition 5.2] which is a slight extension of [H 
Proposition 3.13] (see [35] for further extension). 

Proposition 4.4. Le£ 4> be a Markoff map and e a directed edge of 7 satisfying 
the following conditions. 

(i) The set {s G Q~(e) \ \<j){s)\ < 2} zs finite. 

(ii) fi°-(e) n0- 1 (-2,2) = 0. 

TTien 

#9 = £ WOO) +2 £ 
seo°(e) sen-(e) 
Moreover, the above sum converges absolutely. 

Here, h : C - [-2, 2] -> C is defined by h(x) = | (l - ^1 - , where 

we adopt the convention that the real part of a square root is always non- 
negative. For each s e f2 = Q, let l(p((3 s )) be the complex translation length 
of the isometry p(/3 8 ) of H 3 , where we abuse notation to denote by (3 S an 
element of vri(T) represented by the simple loop f3 s of slope s. Then we have 
the following (see [H p. 721]): 

h ^ = i + e U.)) - 

At the end of this section, we give a necessary and sufficient condition for 
a type-preserving PSL(2, (C)-representation to descend to a representation of 
the 2-bridge link group ni(S 3 — K{r)). 

Lemma 4.5. Let <p be a nontrivial Markoff map, and let p : ifi{0) — > PSL(2, C) 
be a type-preserving representation induced by 0. Then the restriction of p to 
S descends to a representation of the 2-bridge link group 7r\(S 3 — K(r)) if and 
only if <fi{po) = <f>(r) = 0. 

Proof. Though this is proved in [2"5l Proof of Proposition 4.1], we give a proof 
for completeness. Since 7r 1 (S' 3 — K(r)) = ni(S)/ ((Qoo, a r)), a representation p 
descends to a representation of the link group if and only if p(aoo) = p(a r ) = 1. 
Since a s = (3^, this condition is equivalent to the condition that either p((3 s ) 
is the identity or an elliptic transformation of order 2 for each s = oo and 
r. However, since p is irreducible by the assumption, we have p(/3 s ) 7^ 1 for 
any s G Q. Thus the above condition is equivalent to the condition that both 
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p(Ax>) and p(Pr) are elliptic of order 2, which in turn is equivalent to the 
condition 0(oo) = 0(r) = 0. □ 



5. The canonical decomposition of S 3 - K(r) and the induced 

CUSP TRIANGULATION 

In this section, we describe the canonical decompositions of hyperbolic 2- 
bridge link complements and the induced cusp triangulations, following [12j 
[29] . Let K(r) be a hyperbolic 2-bridge link. Then we may assume r = q/p, 
where p and q are relatively prime integers such that 2 < q < p/2, and so r has 
the continued fraction expansion [ai, a 2 , . . . , a n ], where (a 1; . . . , a n ) G (Z + ) n , 
ai > 2, a n > 2 and n > 2. Set c = JZiLi a *> an d ^ ^( r ) = (°~i> °~2, • • • , &c) be 
the chain of Farey triangles which intersect the hyperbolic geodesic joining oo 
with r in this order (see Figure E])- 




Figure 5. The chain E(r) of Farey triangles. 

Just as with the once-punctured torus T, each Farey triangle a = (so, si, S2) 
determines a (topological) ideal triangulation of the 4-times punctured sphere 
S = (R 2 — 7?)/H. To be precise, the union of the lines in M. 2 — J? passing 
through the punctures of slopes {sojSi,^} determines an if-invariant ideal 
triangulation of M? — Z 2 , and this descends to an ideal triangulation of S. 
The 1-skeleton of this ideal triangulation consists of three pairs of edges corre- 
sponding to the three vertices {so, Si, S2} of a. In the remainder of this paper, 
we abuse notation and use the symbol trg(er) to denote this ideal triangulation 
of S. 

If a and a' are adjacent Farey triangles, then trg(er') is obtained from trg(er) 
by a "diagonal exchange", i.e., deleting a pair of edges of slope s and adding 
a pair of edges of slope s', where s (s', respectively) is the vertex of a (a', 
respectively) which is not contained in a' (a, respectively). As illustrated in 
Figure El trg(a) and trg(cr') can be regarded as the bottom and top faces of 
an immersed pair of topological ideal tetrahedra in 5 x R, which we denote 
by trg((7, a'). 
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Figure 6. A diagonal exchange of an ideal triangulation of S 
determines an immersed pair of ideal tetrahedra in S x 1. 

The immersed topological pairs of ideal tetrahedra {trg(<jj, o" i + 1 )} 1 < i < c _ 1 can 
be stacked up to form a topological ideal triangulation, D(r), of S x [—1,1]. 
The restriction of D{r) to Sx { — 1} (Sx {+1}, respectively) is trg(cxi) (trg(<r c ), 
respectively), and each trg(<jj) can be regarded as (a triangulation of) a pleated 
surface in S x [—1,1]. Let D(r) be the topological ideal simplicial complex 
obtained from i)(r) by collapsing each edge of slope oo and r into an ideal 
vertex. To be precise, D{r) is constructed as follows. Since each edge of slope 
oo is collapsed into an ideal vertex, the subcomplex trg(ai) of D(r) is collapsed 
into a single ideal edge, and trg(o"2) is folded along the pair of edges of slope 
1/2 to a pair ideal triangles as illustrated in Figure [3 (Note that the slope 
1/2 is the vertex of a 2 which is not contained in a\.) Similarly, since each edge 
of slope r is collapsed into an ideal vertex, the subcomplex trg(cr c ) of D(r) 
is collapsed into a single ideal edge, and trg(cr c _i) is folded along the pair of 
edges of slope [a 1; . . . , a n — 2] into a pair of ideal triangles. (Note that the slope 
[ax, • • • , a n — 2] is the vertex of cr c -i which is not contained in a c .) In other 
words, D{r) is obtained from the subcomplex T) (r) : = {trg(<7j, crj+i)}2<i<c-2 
of £>(r) by folding the bottom surface trg(<72) in the pair of edges of slope 
1/2 and by folding the top surface trg(<7 c _i) in the pair of edges of slope 
[ai, . . . ,a n — 2], as described in [291 P-408]. Hence D(r) gives a topological 
ideal triangulation of S 3 — K(r) by [29j Theorem II. 2. 4]. 

It should be noted that the edges of trg(o"2) of slopes 0/1 and 1/1 are iden- 
tified into a single edge in D(r), which forms the "core tunnel" of the rational 
tangle (B 3 ,t(oo)) in (S 3 , K(r)) (see [291 Figure II.2.7] and [12,: Figure 17]). 
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Figure 7. The effect of the collapsing of the edges of slope oo 
in the ideal triangulation D(r) of S x [—1, 1]: The subcomplex 
trg(<7i) is collapsed into a single ideal edge, and the subcomplex 
trg(o"2) is folded along the edges of slope 1/2 into a pair of ideal 
triangles. 

Similarly, the edges of trg(cr c _i) of slopes [a\, . . . , a n -i] and [a±, . . . , a n — 1] 
are identified into a single edge in D(r), which forms the core tunnel of the 
rational tangle (B 3 ,t(r)) in (S 3 ,K(r)). 

Now we describe the triangulation of the peripheral torus of S 3 — K(r) in- 
duced by D(r). To this end, we identify the underlying space of the subcomplex 
T>o{f) of D(r) with S x [—1, 1], and we first describe the triangulation of the 
peripheral annuli of S x [—1, 1] induced by T>q{t). Since the combinatorics of 
the four peripheral annuli are identical, let us focus on a single peripheral an- 
nulus, A. Since trg(crj) is an ideal triangulation of a level 4-punctured sphere, 
it induces a triangulation, C(<7j), of a core circle in A. The triangulation C(crj) 
consists of 3 vertices and 3 edges. By recalling the definition of the slopes of el- 
liptic generators, we may identify C((7j) with the quotient complex L(ai)/{D) 
(see Definition 13.3( 3)). The region in A bounded by C(<7j) and C(a i+ i) con- 
sists of 2 triangles as illustrated in Figure [HI and the triangulation of the region 
can be identified with £(<7j, o~j+i)/ (D) (compare Figure |8] with Figure H]). The 
family {C(<Tj)}2<i< c -i forms the 1-skeleton of the triangulation of A, which is 
identified with £(£ (r))/(D), where S (r) := (<t 2 , . . . , <7 c -i)- 

Next, we explain the effect, to the triangulation £(£o(r))/(-D) of the periph- 
eral annulus A, of the folding of the pleated surfaces trg(cx 2 ) and trg(cr c _i). 
To this end, let {Pj} be the sequence of elliptic generators associated with 
a 2 = (0/1,1/2,1/1) such that (s(P ), s(Pi), s(P 2 )) = (0/1,1/2,1/1). Since 
the edges of slope 0/1 and 1/1 in D{r) are identified into a single edges by 
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Figure 8. Local picture of the triangulation of the peripheral 
annuli of Sx [— 1, 1]. In the infinite cyclic cover of the peripheral 
annulus A, the inverse images of C(<7j) and C(a i+ i) form periodic 
zigzag lines, and the triangles bounded by them project to the 
two triangles in A. 

the folding of trg(<j2) along the edges of slope 1/2, the vertices [Pq] and [P2] of 
£(£o(r))/(-D) are identified. In the infinite cyclic cover £(E (r)), the bound- 
ary line is deformed into a zigzag line which has a "hairpin curve" at 
the vertices Pi+zk, where the vertices P%k and are identified into a single 
vertex for each k G Z (see Figure [9]). Furthermore, since the folding joins the 
punctures of S x [—1,1], the resulting triangulation of the peripheral annulus 
A is joined to the corresponding triangulation of another peripheral annuls 
as illustrated in Figure M (see [T2J Figure 19]). Similarly, the folding of the 
pleated surface trg(a c _i) cause a similar effect on the other side of A. 




Figure 9. The effect of the folding in the cusp triangulation, 
viewed in the infinite cyclic cover. 
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In [T2], Futer applied Gueritaud's technique based on angled structures to 
proved that the topological ideal triangulation D(r) is geometric, namely, D(r) 
is homeomorphic to a geometric ideal triangulation of the complete hyperbolic 
manifold S 3 — K(r). (Moreover, Gueritaud [13] proved that D(r) is homeo- 
morphic to the canonical decomposition of S 3 — K(r) in the sense of [TTI Hi], 
proving the conjecture in [29]. In the second author's joint work with Akiyoshi, 
Wada and Yamashita [5], an approach using cone manifold deformation toward 
the same conclusion is announced.) The geometric ideal triangulation D(r) 
induces a geometric triangulation of each cusp torus of S 3 — K(r). Since D(r) 
is preserved by the Z/2Z © Z/2Z-action described in Section [2] (see Figure [2]), 
this triangulation does not depend on a choice of a cusp, and we call it the tri- 
angulation of the cusp of S 3 —K{r) induced by the geometric ideal triangulation 
D(r), or simply the cusp triangulation induced by D(r). The cusp triangula- 
tion is preserved by the Z/2Z © Z/2Z-action on S 3 — K(r), and so it induces 
a "triangulation" of the cusp of the quotient orbifold O(r). We also call it 
the triangulation of the cusp of 0(r) induced by the geometric ideal triangu- 
lation D(r), or simply the cusp triangulation induced by D(r). The following 
proposition describes the geometric structure of the cusp triangulation. (See 
Figure (TU] for the actual geometric picture of the cusp triangulation, which is 
produced by Snap Pea. See also Figure [TTI which illustrates the periodic zigzag 
lines /C(p r ,<Tj) in the proposition.) 

































m ^-71 







Figure 10. The actual cusp triangulation of S 3 - K([3, 2, 2]). 
The oriented zigzag line segment represent that obtained by join- 
ing the points c(p r (Po)), c (Pr(-Pi)), • • • , c {Pr(Pd)) in the proof of 
Proposition 16.11 
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Figure 11. The periodic zigzag lines {/C(p r , a*)} in the cusp triangulation. 

Proposition 5.1. Let K(r) be a hyperbolic 2-bridge link, and let p r : 7fi(0) — > 
PSL(2, C) be a type-preserving representation induced by the holonomy rep- 
resentation of the complete hyperbolic structure of S 3 — K(r) satisfying the 
normalization condition (BJ . Then the following hold. 

(1) We have 0^ 1 (O) D E(r)^ = {oo,r}, where S(r)^ is the vertex set of 
S(r) and <p r is the Markoff map induced by a lift of the restriction of p r to 
iti(T) to an SL{2,<C) -representation. 

(2) The zigzag line £(p r ,a" 2 ) is simply folded at the slope 1/2; £(p r ,cr c _ 2 ) is 
simply folded at the slope [ai, 02, ... , a n — 2]. 

(3) Let L_ and L + be the horizontal lines determined by the simply folded 
zigzag lines L(p r ,o- 2 ) and L(p r ,a c -2), respectively. Then £(p r ,S (r)) forms 
a 1-skeleton of a triangulation of the strip, A, in C bounded by L_ and L + . 
This triangulation descends to the triangulation of the cusp of 0{r) induced 
by D(r). To be precise, the following hold. 

(i) Let P_ and P + be elliptic generators of slope 00 and r, respectively. 
Then p r (P_) (p r (P + ), respectively) acts on C as the it -rotation about 
the center of an edge of £(p r .,cr 2 ) (^(Pr, ffc-2), respectively) contained 
in L_ {L + , respectively). In particular, A forms a fundamental domain 
of the action on C of the infinite dihedral group generated by p r (P_) 
and p r (P + ). 

(ii) The orbifold fundamental group, iri(dO(r)) , of the cusp of 0(r) is 
identified with the group (p r (TJ) , p r (P_) , p r (P + )) . Moreover, p r (D) cor- 
responds to a meridian of K{r), whereas p r ((P + P_) 2 ) or p r (P + P_) cor- 
responds to a longitude of K(r) according to whether K(r) has one or 
two components. 

(hi) The images of the triangulation £(p r , ^o( r )) of A by the infinite dihe- 
dral group (p r (P^) , p r (P + )) form a 11 i(dO{r)) -invariant triangulation 
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ofC, which project to the triangulation of the cusp of 0(r) induced by 
D(r). 

Proof. (1) By Lemma I4.5[ we have r (oo) = r (r) = 0. Let s be a vertex 
of So(r). Since simple arcs of slope s in S is realized as a geodesic edge in 
the geometric triangulation T>(r) of the hyperbolic manifold S 3 — K(r), it 
follows that if P is an elliptic generator of slope s then p r (P)(oo) 7^ 00. By 
Lemma [4.1( 2). this implies that <f>(s) 7^ 0. Hence we have 0^ 1 (O) D £(r)(°) = 
{00, r}. 

(2) This follows from the fact that r (oo) = r (r) = and Lemma l4TiT 2-iv) 
(cf. Remark S3]). 

(3) By the preceding description of the combinatorial structure of the cusp 
triangulation and the fact that D(r) is geometric, we see that £(p r , E (r)) 
froms a 1-skeleton of a triangulation of the strip, A, in C bounded by L_ 
and L + . Since 4> r (oo) = r (r) = 0, we see by Lemma H~l7 2-iii) that p r (P_) 
(p r (P+), respectively) acts on C as the 7r-rotation about the center of an edge 
of L(p r ,a2) (£(p r , o~c-i), respectively) contained in L_ respectively). It 
is obvious that A forms a fundamental domain of the infinite dihedral group 
(p r (P-), p r (P + )), and so we have (i). Since A projects to one of the four 
peripheral annuli of S x [—1, 1] and since the Z/2Z©Z/2Z-action on S 3 — K(r) 
lifts to a Z/2Z © Z/2Z- action on S x [-1,1] which acts transitively on the 
set of the four peripheral annuli, we see that A is a fundamental domain of 
the action of 7Ti(dO(r)) modulo the action of the meridian p r (D). Since A 
is a fundamental domain of the infinite dihedral group (p r (P_), p r (P + )), we 
have iti(dO(r)) = (p r (D), p r (P_), p r (P + )). Thus we obtain the first assertion 
of (ii). The remaining assertion of (ii) follows from the description of the 
Z/2Z © Z/2Z-action on K(r) given at the end of Section [2J Assertion (iii) 
follows from (i), (ii), and the description of the combinatorial structure of the 
cusp triangulation together with the fact that D(r) is geometric. □ 

6. Proof of Theorems 12.21 and 12.31 

Throughout this section and in the remainder of this paper, K(r) denotes 
a hyperbolic link, p r : vr^O) — > PSX(2,C) denotes the type-preserving rep- 
resentation induced by the holonomy representation of the complete hyper- 
bolic structure of S 3 — K(r), <p r denotes a Markoff map determined by a lift 
p r : 7Ti(T) — > SX(2,C) of the restriction of p r to vri(T), and ip r denotes the 
complex probability map determined by p r . 

Let T (r) be the subtree of T dual to the chain S (r), and let E{r) be the 
set of the oriented edges of 7 — T (r) whose head is contained in To(r). For 
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each interval Ij(r) (j = 1,2), we consider the following set of oriented edges: 

E 1 (r) = {eeE(r)\n°-(e)Cl J (r)}. 

It should be noted that E{r) = E±(r) U E 2 {r) U {e_, e + }, where e_ and e + are 
the element of E{r) with tails dual to <j\ and cr c , respectively (see Figure [T2l) . 




Figure 12. Dual oriented edges. 



Proposition 6.1. (1) The following identity holds: 

eS-Bi(r) ee£ 2 (r) 

(2) TTie cusp s/iape A(0(r)) respect to a suitable choice of a longitude 
is given by the following formula: 

\\(0(r))= £ ^(e) = -l- Yl ^(e). 

SeE-iir) e€E 2 (r) 

Proof. (1) By Proposition 15.1( 1). ip r {e) is defined for all e G -E'(r). Hence, we 
have the following identity by pi Lemma 1]: 

E Vv(e) = 1. 

On the other hand, since r (oo) = </v(r) = 0, we have i/v(e_) = ip r (e+) = 1- 
Hence, by using the fact that i?(r) = £i(r) U i?2( r ) U e + }, we obtain the 
desired identity. 
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(2) Let e*i, e*2, . . . , e*rf be the members of Ei(r) whose heads lie in T (r) in 
this order, and let s , si, . . . , be the vertices of S (r) such that e*j is dual 
to the Farey edge (sj_i, Sj). Let P , Pi, . . . , P^ be elliptic generators satisfying 
the following conditions. 

(i) The slope of p is Sj for each 2 G {0, 1, . . . , d}. 

(ii) For each i G {1, 2, . . . , d}, the two elliptic generators Pj_ x and p appear 
successively in the sequence of elliptic generators associated with the 
Farey triangle in £o( r ) which contains (sj_i, Sj). 

Then, by the description of the geometric cusp triangulation in Proposition ^. 11 
we see that the zigzag line segment in C obtained by joining the points 

c(p r (P )),c(p r (P 1 )),...,c(p r (P d )) 

projects to a longitude of the orbifold 0(r) (see Figure [TD]). In particular, 
c(p r (Pd)) — c(p r (Po)) is equal to the complex number X introduced at the 
end of Section [21 Hence the modulus of the cusp of 0(r) with respect to the 
longitude is given by 

d d 

-A(0(r)) = c( Pr (P d )) - c(p r (P )) = £ (c( Pr (P))) - c(p r (P_!)) = E iK*), 

1=1 8=1 

where the last equality follows from formula (j5J) in Section HI Thus we have 
proved the first identity in (2). The second identity follows from (1). □ 

By the above proposition, the proof of Theorems 12.21 and 12.31 is reduced to 
the following key lemma. 

Key Lemma 6.2. Every member e of E\{r) U E^ir) satisfies the conditions 



of Proposition 4-4' namely, it satisfies the following conditions. 

(1) The set {s G fi~(e) \ \4> r {s)\ < 2} is finite. 

(2) n°-(e)nfc\-2,2) = (&. 

Proof of Theorems [KR and \2. § assuming Key Lemma \6. ifl By Proposition S3] 
and Lemma [6.21 we have the following identity for each j = 1, 2 

E mq= E j E KM")) +2 E 

~~ 1 _|_ e « Pr (/3 3 ) + 1 _|_ e J Pr (/3 s ) 

sGint/j (r) s£dlj (r) 
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By applying this identity to the identities in Proposition 16.14 we obtain the 
desired results. □ 



Key Lemma [6721 is proved by using the results obtained in the series of papers 
13 [TH [T7] (see also the announcement [18] ) , which gives a complete answer 
to the following question concerning the simple loops in 2-bridge sphere S of 
a 2-bridge link K(r). 

(1) Which simple loop on S is null-homotopic or peripheral on S 3 — K(r)7 

(2) For given two simple loops on S, when are they homotopic? 

In particular, we have the following theorem. 

Theorem 6.3. For a hyperbolic 2-bridge link K(r), the following hold. 

(1) For any rational number s in Ji(r) U hi^), ct s is not null-homotopic in 
S 3 -K(r). 

(2) There are at most two rational numbers s in Ii(r) U hif) such that a s 
is peripheral. 

(3) Except for at most two pairs of rational numbers in Ii(r) U ^{r), the 
simple loops {a s \ s G I\(r) U ^{r)} are not mutually homotopic in S 3 — 
K(r). 

Proof of Key Lemma \6.S\ Since il°~(e) C h(r) U 12(f) for any e G Ei{r) U 
E 2 (r), the lemma is reduced to the following assertions. 

(i) The set {s G h(r) U 7 2 (r) | \M S )\ < 2 } is finite. 

(ii) (J 1 (r)U/ 2 (r))n0 r - 1 (-2,2) = 0. 

We first prove (ii). Let s be a rational number contained in ii(r) Ul2{r). Then, 
by Theorem 16.3( 1). a s determines a non-trivial element of 7Ti(5' 3 — K(r)). 
Since p r is induced by the holonomy representation of the complete hyperbolic 
structure of S* 3 — K(r), we see that p r (a s ) = Pri.Pl) ls neither trivial nor 
elliptic. Thus p r ((3 s ) is not elliptic, and so 4> r (s) = tr(p r (/3 s )) is not contained 
in (—2,2). Hence we obtain (ii). 

Next we prove (i). Suppose on the contrary that the set {s G h{r) U 
^(f) I |</v(s)| < 2} contains infinitely many elements {sj}j<zi. By Theo- 
rem [63)^1) and (2), we may assume that p(ct Sj ) is neither trivial nor parabolic, 
and hence, the simple loop a S] is homotopic to a closed geodesic in the hyper- 
bolic manifold 5* 3 — K(r). By Theorem 16.3( 3). we may also assume that {ct^ } 
are not mutually homotopic in S 3 — K(r) and so the corresponding closed 
geodesies are mutually distinct. On the other hand, the condition |0(sj)| < 2 
implies that the real length L(p(a Sj )) = 2L(p((3 Sj )) is bounded from above. 
This contradicts the discreteness of marked length spectrum of geometrically 
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finite hyperbolic 3-manifolds (see Lemma 16.41 below). Hence we obtain (i). 
This completes the proof of Key Lemma 16.21 □ 

Since we could not find a proof of Lemma 16.41 below in a literature, we give 
a proof, for completeness, imitating the argument in [U Proof of Theorem 1 
in p. 73], where we refer to |20j for terminologies for Kleinian groups. 

Lemma 6.4. Let M be a geometrically finite complete hyperbolic 3-manifold. 
Then the marked length spectrum of M is discrete, namely, for any positive 
real number L, there are only finitely many closed geodesies in M with length 
at most L. 

Proof. Suppose on the contrary that there is an infinite sequence {7^} of mu- 
tually distinct closed geodesies in a geometrically finite complete hyperbolic 
3-manifold M = M 3 / iri(M) such that the lengths L(jj) are bounded above by 
a positive constant L. Pick a base point b in the convex core, C(M), of M 
and pick a lift b of b in the universal cover H 3 . Let bj a point in jj such that 
d(b, bj) = d{b, 7j), where d denotes the hyperbolic distance. Let bj G H 3 be the 
lift of bj such that d(b, bj) = d{b, bj), and let jj be the geodesic in H 3 passing 
through bj which projects to jj. We abuse notation to continue to denote by 
jj the element of 7i"i(M)(c Isom(H 3 )) represented by the closed geodesic jj 
whose axis is jj. Then 

d(b, jj(b)) < 2d(b, bj) + L(jj) < 2d(b, bj) + L. 

So we have 

d{b,bj)>\{d(b,jj(b))-L). 

Since 7Ti(M) acts discontinuously on H 3 , we see d(b, Jj(b)) —> 00, and hence the 
sequence {bj} in C(M) diverges. Since M is geometrically finite, the convex 
core C(M) is a union of a compact submanifold and a finite union of cusp 
neighborhoods. So, we may assume, after taking a subsequence, that {bj} 
converges to a cusp of C. Let U be a neighborhood of the cusp in M, obtained 
as the image of a horoball H . Then the stabilizer of if is a parabolic subgroup, 
Pu, of 71"! (M) and H is precisely invariant by (7r 1 (M), Pjj). Since {bj} converges 
to the cusp, we can find, for a sufficiently large j, a lift bj G H of bj such that 
dib'pdH) > L. Let be the element of 7i"i(M) represented by the closed 
geodesic jj whose axis passes through bj. Then d(bj, j'jib'j)) = Klj) — L, 
and therefore the point j'jib'j) is also contained in H. Since jj G 7Ti(M) is 
not parabolic (and therefore it does not belong to Pu), this contradicts the 
assumption that H is precisely invariant by (tti(M),Pu). □ 
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7. HOMOLOGICAL DESCRIPTION OF THE LONGITUDE IN THEOREM 12.21 

In this section, we give an explicit homological description of the longitude 
of K(r) in Theorem 12.21 To this end, we fix an arbitral orientation of K(r), 
and employ the following notation. 

(1) If K(r) is a knot, then £q and m denote the preferred longitude and 
the meridian of K(r), namely, £q and m are oriented essential simple 
loops on a peripheral torus, satisfying the following conditions: £ is 
homologous to K(r) in a regular neighborhood, N(K(r)), of K(r) and 
lk(£ , K(r)) = 0; m bounds a disk in N(K(r)) and lk(m, K{r)) = 1. 
The symbol £ denotes the longitude of K(r) in Theorem 12.2} which is 
oriented so that it is homologous to K(r) in N(K(r)). 

(2) If K(r) consists of two components, K\ and K2, then £i$ and rrii denotes 
the preferred longitude and the meridian of Ki for i = 1,2. The symbol 
£i denotes the longitude of Ki in Theorem 12. 2\ which is oriented so that 
it is homologous to Ki in N(Ki) for i = 1,2. We denote by £ the union 
£\ U £2, and call it the longitude of K(r) in Theorem 12.21 

We express £ in terms of £q and m when K(r) is a knot, and express £i in 
terms of I^q and m; when K(r) is a two-component link. To this end, we use the 
alternating diagram of K(r) associated with the continued fraction expansion 
described at the beginning of Section and consider the decomposition of 
(S 3 ,K(r)) into n + 2 blocks, as illustrated in Figure E3 The first 

block S and the last block 23 n+ i are upper and lower bridges, respectively, and 
a middle block H>k (1 < k < n) is a 4-braid, where the second and the third 
strings form right hand half-twists when k is odd; the first and the second 
strings form at left hand half-twists when k is even. For each middle block ¥>k, 
we define 5k to be or 1 according to whether the orientations of the strings 
forming the half- twists in 23 ^ are parallel or not (see Figure [T8|) . Then the 
longitude £ in Theorem 12.21 is given by the following proposition. 

Proposition 7.1. Under the above notation, the linking number \k(£, K(r)) , 
for the longitude i in Theorem \2.2\ is given by the following formula: 




From this linking number, £ is determined by the following formula. 
(1) If K(r) is a knot, then 

[£} = [e ]+1k(£,K(r))[m] E H^N^r))). 
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Figure 13. The decomposition {'BkTktl of (S 3 ,K(r)). 



(2) If K(r) is a link, then for i — 1,2, 

[ii] = [ii,o] + l(lk(£,K(r)) -2lk(K 1 ,K 2 ))[m i ] e Hi(dN(K,j)). 

Remark 7.2. If every is even and n is odd, then K(r) is a knot and the 
longitude £ is given by the following simple formula: 

[£\ = [e Q ]+2[m]. 

Our task is to draw the longitude I on the boundary of the link exterior 
E(K(r)) := S 3 - int N(K(r)). To this end, let {S>k}ltl be the decompo- 
sition of the knot exterior E(K(r)) induced by the decomposition {H>k}kto 
of (S 3 ,K(r)). We denote by dp'Bk the intersection of dE(K(r)) with dB k - 
Then dp'Bk is a disjoint union of four or two annuli according to whether 
k G {1,2, ...,n} or k G {0,n + 1}. 

Set c = 0, Cfc = Yli=i a i an d °i — ^cfc-i+i (1 < « < Ofc)- Then the fc-th 
middle block (1 < k < n) corresponds to the subchain 
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ofE(r). The subchain S^(r) contains a unique pivot, si , i.e., a vertex of E(r) 
which is shared by at least three triangles in S(r). We denote the remaining 

vertices of E^(r) by sjj , s^ , . . . , si* , where they sit in E^(r) in this order. 
The Farey triangle aj® is spanned by the vertices {s[ k \ s^, s^}. By the 
description of D(r) as a quotient of D(r) in Section [51 we may regard D(r) as 
a decomposition of the middle part Uf =1 Bk into truncated ideal tertrahedra: 
the collapsing of the edges of slopes oo and r has the effect of adding the first 
and the last blocks B and B n+1 . To be precise, the following hold. 



(1) For each k G {1,2, .. . , n}, the pair of edges of the pivot slope si is 
represented by the pair of straight horizontal arcs in the upper boundary 
of the k-th middle block B k as illustrated in Figure [EH It is isotopic to 
the straight horizontal arcs in the lower boundary of Bk as illustrated 
in Figure [TH An isotopy between these two representatives determines 
four mutually disjoint arcs, properly embedded in d p Bk. (To be 
precise, is the intersection with dp'Bk of two properly embedded disks 
in B>k realizing the isotopy.) 

(2) For each k G {1,2, ... ,n} and i G {0, 1, ... , a^}, the pair of edges of 
slope s\ are represented by the pair of straight horizontal arcs which 
sit in the level sphere between the i-th and i + 1-th crossings in Bk, as 
illustrated in Figure HH Each of the four corners of the ideal triangles 
in trg(<7 t - ) bounded by an edge of slope sj_ x and an edge of slope 
determines an arc in dp'Bk joining an end point of an edge of slope s\_ x 
and an end point of an edge of slope s\ . The union of these arcs, 
where runs over the Farey triangles of E^(r), forms four properly 
embedded arcs in d p Bk, which is disjoint from We denote by r\k the 
union of these four arcs in d p Bk- 

(3) In the top block B , each of the two edges of slope oo in B fl B\ shrinks 
to a point, and the two edges of slope in B fl 23 1 are isotopic to the 
upper tunnel. Let £o be the pair of arcs properly embedded in d p B 
determined by the isotopy (see Figure [15]) . 

(4) In the bottom block B n+ i, each of the two edges of slope r in B n fl 
B n+ i shrinks to a point, and the two edges of slope [a\, Ch2, ... , a n -i] i n 
B n fl B n+ i are isotopic to the lower tunnel. Let £ n+ i be the pair of arcs 
properly embedded in d p Bk determined by the isotopy. 
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To be more precise, the (actual) cusp torus is identified with a quotient of the 
"model" torus U£jr c^35 fc , where each arc component of (k = 0, . . . , n + 1) 
shrinks to a point. 




(a) (b) 

Figure 14. The middle block 35 fc (a) when k is odd, and (b) 
when k is even. The labels and Sj for the straight horizontal 
arcs are the slopes of the edges, where s* and Sj are abbreviations 
for s* and , respectively. The set ^ consists of four vertical 
arcs joining the endpoints of the edges of slope s{ k ^ in the upper 

(k) 

boundary of 35 fc and the endpoints of the edges of slope s* in 
the lower boundary of 35 fc . The set rjk consists of four vertical 
arcs joining the endpoints of the edges of slope in the upper 
boundary of 35* and the endpoints of the edges of slope s£^ in 
the lower boundary of 35*;, passing through the endpoints of the 
edges of slope (0 < i < a k ). 



Lemma 7.3. Suppose that n is an odd integer 2uq + 1. Then under the above 
identification of the cusp torus with a quotient of the model torus U^^dp'Bk, 
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Figure 15. The top block 25 . The set £ is the union of the 
two arcs on 9 P S joining the endpoints of the edges of slope 
in the lower boundary !B D 'Bi of 25 - 

the longitude £ is equal to (the image of) the union of the following arcs (see 
Figure Ho}) : 

£oU£l, 1] 2 , £3, Vi, "• ) ^2n -l) V2n , £,2n +l U ^2n +2- 

Proof. Let s , si, . . . , s<f be the slopes in the proof of Proposition 16.11 Recall 
that the longitude of dO(r) is obtained as the image of the zigzag line in C 
spanned by c(p r (Po)), c(p r (P\)), . . . , c(p r (Pd)), where Pi is an elliptic generator 
with s(Pi) = Si as in the proof of Proposition 16.11 We note that the following 
hold. 

(1) The set {sq> si, • • • , Sd} consists of the vertices of a subchain £( 2fc )(r) 
different from the pivot s^ k \ where 2k runs over the set {2, 4, . . . , 2uq}. 

(2) The first slope sq is equal the pivot sl 1 ^ of the subchain SW(r). 

(3) The last vertex Sd is equal the pivot s* of the subchain S^(r). 

In particular, the first (a 2 + 1) vertices sq,si, . . . , s a2 are equal to the vertices 
sf\ sf \..., s a 2 2 of the subchain £( 2 )(r) different from the pivot s^K Thus 
the sub zigzag line in C spanned by c(p r (Po)), c(p r (Pi) ),..., c(p r (P ai )) cor- 
responds to (a component of) r] 2 C <9 p 23 2 . Similarly, for each even integer 
2k G {2,4, .. . ,2n }, the sub zigzag line in C spanned by c(p r (Pj))'s, where 
s(Pj) runs over the vertices of the subchain E^ 2fc ^(r) different from the pivot 
s^ k \ corresponds to (a component of) r/ 2 fc C d p ( B 2 k- 

For each 2k G {2, 4, . . . , 2n — 2}, the final slope of the subchain £( 2fc )(r) 
is equal to the first slope SQ 2fc+2 ^ of the subchain £( 2fc+2 )(r), and they are equal 
to the pivot sl 2fc+1 ' ) of the subchain £( 2fc+1 )(r). Thus each edge of slope s a 2 2 k J, 
which lies in the lower boundary of <9 p 23 2 fc, is isotopic in "Bzk+i to an edge of 
slope s^ h+2 \ which lies in the upper boundary of the block 3 2fc+2 . So, in order 
to describe the longitude in the model torus U^QpSfc, the end points of i] 2 k in 
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the lower boundary of d p 'i>2k should be joined with the end points of f]2k+2 hi 
the upper boundary of <9 p 23 2 jfc+ 2 by the trace, £ 2 fc+i C d p ( S>2k+ii °f the isotopy 
(see Figure [T6l). 

The first slope Sq of the subchain £( 2 )(r) is equal to the the pivot 
of the subchain S^(r). Thus the edges of slope which lie in the upper 
boundary of the block S 2 , are equal to the edges of slope which lie in 
the lower boundary of the block 3$i. The latter edges are isotopic in T>i to 
the edges of slope which lie in the upper boundary of !Bi- These in turn 
are isotopic in ¥> to the upper bridges. So, the endpoints of r] 2 in the upper 
boundary are joined each other by the trace, (oU(i C <9 p i> U d p "Bi, of the 
isotopy (see Figure [T6l). Similarly, the end points of r] 2no in the lower boundary 
of d p l B 2 n Q should be joined by the trace, £ 2 n +i u 62^+2 C p 3 2 „ o +i U 9 p S 2no+2 , 
of the isotopy. Hence, the longitude i is as described in the lemma. □ 

In order to treat the case when n is an even integer 2no, we need to introduce 
the following notation (see Figure ITTj). 

(1) By the symbol r]' n , we denote the sub arcs of r) n bounded by the end 
points of rj n in the upper boundary of d p "h n and the endpoints of the 
edges of slope r' := [at, a 2 , . . . , a n _i, a n — 1]. 

(2) The edges of slope r' in S n is isotopic in !B n U ® n+ i to the lower tunnel. 
The symbol £' n+1 denotes the arcs in d p "B n U d p "B n+ i obtained from the 
isotopy. 

By the proof of Lemma 17.3} we obtain the following lemma. 

Lemma 7.4. Suppose that n is an even integer 2hq. Then under the iden- 
tification of the cusp torus with a quotient of the model torus U^j^S^S^, the 
longitude i is equal to [the image of) the union of the arcs 

£oU£i, r) 2 , £3, 7?4, ■■• , Sno-l) ^no' £2710+1- 



Proof of Proposition 7. 1 . We evaluate the linking number lk(£, K{r)) by count- 
ing the number of crossings with sign where I runs below K(r). Then the 
formula for the linking number follows from the following observations. 

(i) If 2 < k < n — 1, then we can easily check that the contribution of the 
crossings in 25fc is equal to 25k(— l) fc_1 afc (see Figure [T8|) . 

(ii) The contribution of the crossings in 2> U Si is equal to 25k(—l) h ~ 1 ak 
with k = I. 

(hi) The contribution of the crossings in 25 n U!B n+ i is equal to 25 n (— l) n_1 a n 
or 2(5 n (— l) n_1 a„ + 1) according to whether n is odd or even. 
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Figure 16. The whole picture of the longitude t when n = 3. 
In this case, £ is the union of £ U £1, 772 and £ 4 U £4. 

The formula for the longitude obvious if K(r) is a knot. Suppose K(r) = 
K\ U K 2 . Then by using the symmetry, we have the following identity for 
{i,j}-{l,2}. 

lk(l,K(r)) =\k(l 1 Ul 2 ,K 1 UK 2 ) 

= 2\k(£ l ,K t ) + 2\k(e i ,K J ) 
= 21k(£ i ,K i ) + 21k(K 1 ,K 2 ) 
Hence we obtain the desired formula for £j. □ 

8. Application to end invariants of SL(2, C)-characters 

By extending the concept of a geometrically infinite end of a Kleinian group, 
Bowditch [8] introduced the notion of the end invariants of a type-preserving 
SL(2, C)-representation of 7Ti(T). Tan, Wong and Zhang [331 |37] extended 
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Figure 17. 23 n u S n+i when n is even. 



odd 






k; even 






Figure 18. If 8k = 1, then the contribution of each of the 
crossings in to the linking number is equal to 2 or —2 ac- 
cording as k is odd or even. If 8^ = 0, then there is no contri- 
bution. 



this notion (with slight modification) to an arbitrary SL(2, (C)-representation 

of7n(T). 

To recall the definition of end invariants, let C be the set of free homotopy 
classes of essential simple loops on T. Then as described in Section [21 C is 
identified with Q, the vertex set of the Farey tessellation D by the rule s \-t /3 S . 
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The projective lamination space !P£ of T is then identified with R := RU {00} 
and contains C as the dense subset of rational points. 

Definition 8.1. Let p be an SL(2, (C)-representation of 7Ti(T). 

(1) An element X e 7L is an end invariant of p if there exists a sequence 
of distinct elements X n e C such that 

(i) X„ ->• X, and 

(ii) {|trp(X n )|} n is bounded from above. 

(2) £(p) denotes the set of end invariants of p. 

Note that £(p) is actually determined by the PSL(2, C)-representation in- 
duced by p, because |trp(X„)| is determined by the PSL(2, C)-representation. 
Note also that the condition that {|trp(X n )|}„ is bounded from above is equiv- 
alent to the condition that the (real) hyperbolic translation lengths of the 
isometries p{X n ) of H 3 are bounded from above. 

Tan, Wong and Zhang EZ] showed that £(p) is a closed subset of CP£ and 
proved various interesting properties of £(p), including a characterization of 
those representations p with £(p) =0 or CP£, generalizing corresponding results 
of Bowditch [8] for type-preserving representations. They also proposed an 
interesting conjecture |37J Conjecture 1.8] concerning possible homeomorphism 
types of £(p). The following is a modified version of the conjecture which 
Tan |32j informed to the authors. 

Conjecture 8.2. Suppose £(p) has at least two accumulation points. Then 
£(p) is either a Cantor set of 7L or all of 7L. 

They constructed a family of representations p which have Cantor sets as 
£(p), and proved the following supporting evidence of the conjecture (see [3"Tl 
Theorem 1.7]). 

Theorem 8.3. Let p : 7ii(T) — > SL(2,C) be discrete in the sense that the set 
{tr(p(X)) I X e 6} is discrete in C. Then if £(p) has at least three elements, 
then £(p) is either a Cantor set of "PL or all of7L. 

The above theorem together with Lemma [6^1 implies that £(p r ) of the repre- 
sentation p r induced by the holonomy representation of a hyperbolic 2-bridge 
link K(r) is a Cantor set. But it does not give us the exact description of 
£(p r ). By using the proof of the main results in Section El we can explicitly 
determine the end invariants £(p r ). To state the theorem, recall that the limit 
set A(f r ) of the group f r is the set of accumulation points in the closure of 
H 2 of the fv-orbit of a point in H 2 . 
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Theorem 8.4. For a hyperbolic 2-bridge link K(r), the set of end invariants 
£(p r ) of the holonomy representation p r is equal to the limit set A(f r ) of the 
group T r . 

Proof. Since r (oo) = 4> r {r) = 0, we see that both oo and r belongs to £(p r ) 
(cf. [37J, Lemma 3.5(b)]). By Therorem 12.1( 1). £(p r ) is invariant by T r , and 
so it is an r r -invariant closed set. Thus £(p r ) contains the closure of the 
£(p r )-orbit of oo and r. Since A(r r ) is the smallest non-empty r r -invariant 
closed set, £(p r ) must contain A(T r ). On the other hand, by the proof of Key 
Lemma T6.21 we see that £(p r ) is disjoint from Ii(r) U hif)- Since Ii(r) Ul2(r) 
is a fundamental domain of the action of A(LV) on the domain of discontinuity, 
R — A(LV), and since £(p r ) is a r r -invariant, we see that £(p r ) is disjoint from 
the K - A(f r ), i.e., £(p r ) C A(f r ). Hence we have £(p r ) = A(f r ). □ 

In Bowditch's original definition of the "set of end invariants" |8, p. 729], the 
accidental parabolics are also regarded as an end invariant. (He denotes the 
set by the symbol !/(</>), where is a Markoff map.) By using the classification 
of the essential simple loops in the 2-bridge sphere which are peripheral in 
hyperbolic 2-bridge links complements (see [321 [17] and [HJ Theorem 2.6(1)]), 
we have the following theorem for Bowdich's set of end invariants L(p r ) : = 

m). 

Theorem 8.5. For a hyperbolic 2-bridge link K{r) with < r < 1/2, Bowditch's 
set of end invariants L(p r ) of the holonomy representation p r is equal to the 
limit set A(r r ) of the group T r , except for the following cases. 

(1) If r = 2/5, then L(p r ) = A(f r ) U f r {l/5, 3/5}. 

(2) If r = n/(2n+ 1) for some integer n > 3, then L(p r ) = A(r r ) UT r {(n-\- 
l)/(2n + l)}. 

(3) If r = 2/{2n + 1) for some integer n > 3, then L(p r ) = A(T r ) U 
f P {l/(2n + l)}. 

In the exceptional cases, L(p r ) is the union of the Cantor set A(r r ) and infin- 
itely many isolated points. 

At the end of this section, we would like to propose the following conjecture, 
which is a variation of a special case of [H Question D] and [37J Conjecture 
1.9]. 

Conjecture 8.6. Let p : 7Tx(T) — > PSL(2,C) be a type-preserving represen- 
tation such that £(p) = A(r r ). Then p is conjugate to the representation p r 
induced by the holonomy representation of a hyperbolic 2-bridge link K(r). 
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9. Further discussion 



As noted in Section [51 in the second author's joint work with Akiyoshi, Wada 
and Yamashita 0, it is announced that that there is a continuous family of 
hyperbolic cone manifolds {M(r; 6~ , 9 + )} Q<e ± <1T satisfying the following condi- 
tions (see Preface, in particular Figures 0.22-0.26, of [5] and the demonstration 
in Wada's software OPTi [3D]). 

(1) The underlying space of M(r; 6~ , 9 + ) is S 3 — K(r). 

(2) The cone axis of M(r;9~ ,6 + ) consists of the core tunnel of (_B 3 ,t(oo)) 
and that of (B 3 ,t(r)), where the cone angles are 29~ and 28 + , respec- 
tively. In particular, M(r; tt, tt) is the complete hyperbolic manifold 
S 3 -K(r). 

(3) If < 9^ < tt, then the combinatorial dual of the 'Ford domain" of 
M(r; 6~ , 9 + ) is homeomorphic to D(r). If 6~ = 9 + = tt, the combinato- 
rial dual of the Ford domain of M(r; tt, tt) = S 3 — K(r) is homeomorphic 
to D(r), i.e., the canonical decomposition of S 3 — K(r) is homeomorphic 
to D(r). 

Thus the announcement in [5] says that the collapsing of the edges of slopes 
oo and r in T)(r) is realized geometrically by a continuous family of hyperbolic 
cone manifolds. 

Akiyoshi and the second author tried to prove the main results in this paper, 
by establishing the following natural generalization of Theorem 18.41 

Conjecture 9.1. Let p = P( r; e-,6»+) : 7r i(0) —> PSL(2,C) be the type- 
preserving PSL(2, C)-representation induced by the holonomy representation 
of the hyperbolic cone manifold M(r;6~ ,9 + ) with < 6± < tt. Then the set 
£(p) is disjoint from the fundamental intervals Ii{r) U -^(j)- 

Consider the subset, J, of [0, tt] x [0, tt] consisting of those points (9~,9 + ) 
for which the conjecture is valid. It is obvious that (0, 0) belongs to J and so 
J is non-empty. Tan pointed out that |33j implies that the set J is open. So 
what we need to show is that J is closed. Though computer experiments seem 
to support the conjecture, the conjecture is still open. 

References 

[1] W. Abikoff, The real analytic theory of Teichmuller space., Lecture Notes in Mathemat- 
ics, 820. Springer, Berlin, 1980. vii+144. 

[2] C. Adams, Hyperbolic 3-manifolds with two generators, Comm. Anal. Geom. 4 (1996), 
181-206. 

38 



[3] H. Akiyoshi, H. Miyachi and M. Sakuma, A refinement of McShane's identity for quasi- 
fuchsian punctured torus groups. In the Tradition of Ahlfors and Bers, III, Contemporary 
Math. 355 (2004), 21-40. 

[4] H. Akiyoshi, H. Miyachi and M. Sakuma, Variations of McShane's identity for punctured 
surface groups. Proceedings of the Workshop "Spaces of Kleinian groups and hyperbolic 
3-manifolds" , London Math. Soc, Lecture Note Series 329 (2006), 151-185. 

[5] H. Akiyoahi, M. Sakuma, M. Wada, and Y. Yamashita, Punctured torus groups and 
2-bridge knot groups (I), Lecture Notes in Mathematics 1909, Springer, Berlin, 2007. 

[6] K. I. Appel and P. E. Schupp, The conjugacy problem for the group of any tame alter- 
nating knot is solvable, Proc. Amer. Math. Soc. 33 (1972), 329-336. 

[7] B. H. Bowditch, A proof of McShane's identity via Markoff triples, Bull. London Math. 
Soc. 28 (1996), 73-78. 

[8] B. H. Bowditch, Markoff triples and quasifuchsian groups, Proc. London Math. Soc. 77 
(1998), 697-736. 

[9] B. H. Bowditch, A variation of McShane's identity for once-punctured torus bundles, 
Topology 36 (1997), 325-334. 

[10] W. Dicks and M. Sakuma, On hyperbolic once-punctured-torus bundles, III. Comparing 
two tessellations of the complex plane, Topology Appl. 157 (2010), 1873-1899. 

[11] D. B. A. Epstein and R. C. Penner, Euclidean decompositions of noncompact hyperbolic 
manifolds, J. Diff. Geom. 27 (1988), 67-80. 

[12] F. Gueritaud, On canonical triangulations of once-punctured torus bundles and two- 
bridge link complements. With an appendix by David Futer, Geom. Topol. 10 (2006), 
1239-1284. 

[13] F. Gueritaud, Geometrie hyperbolique effective et triangulations ideales canoniques en 

dimension 3, Ph.D. Thesis, 2006. 
[14] D. Lee and M. Sakuma, Epimorphisms between 2-bridge link groups: Homotopi- 

cally trivial simple loops on 2-bridge spheres, Proc. London Math. Soc, in press, 

arXiv: 1004.25711 



[15 
[16 
[17 
[18 
[19 
[20 

[21 
[22 



D. Lee and M. Sakuma, Homotopically equivalent simple loops on 2-bridge spheres in 
2-bridge link complements (I), arXiv:1010.2232 

D. Lee and M. Sakuma, Homotopically equivalent simple loops on 2-bridge spheres in 
2-bridge link complements (II), arXiv:1103.0856 

D. Lee and M. Sakuma, Homotopically equivalent simple loops on 2-bridge spheres in 
2-bridge link complements (III). larXiv:lllL 3562 

D. Lee and M. Sakuma, Simple loops on 2-bridge spheres in 2-bridge link complements, 
Electron. Res. Announc. Math. Sci. 18 (2011), 97-111. 

R. C. Lyndon and P. E. Schupp, Combinatorial group theory, Springer- Verlag, Berlin, 
1977. 

K. Matsuzaki and M. Taniguchi, Hyperbolic manifolds and Kleinian groups, Oxford 
Mathematical Monographs. Oxford Science Publications. The Clarendon Press, Oxford 
University Press, New York, 1998. 

G. McShane, A remarkable identity for lengths of curves, Ph.D. Thesis, University of 
Warwick, 1991. 

G. McShane, Simple geodesies and a series constant over Teichmuller space, Invent. 
Math. 132 (1998), 607-632. 

39 



[23 
[24 
[25 
[2G 
[27 
[28 

[29 

[30 
[31 

[32 
[33 

[34 

[35 

[3G 

[37 

[38 

[39 

[40 

[41 



M. Mirzakhani, Simple geodesies and Weil-Petersson volumes of moduli spaces of bor- 
dered Riemann surfaces, Invent. Math. 167 (2007), 179-222. 

T. Nakanishi, A series associated to generating pairs of once punctured torus group and 
a proof of McShane's identity, Hiroshima Math. J. 41 (2011), 11-25. 

T. Ohtsuki, R. Riley, and M. Sakuma, Epimorphisms between 2-bridge link groups, 
Geom. Topol. Monogr. 14 (2008), 417-450. 

R. Riley, Parabolic representations of knot groups. I, Proc. London Math. Soc. 24 
(1972), 217-242. 

M. Sakuma, Variations of McShane's identity for the Riley slice and 2-bridge links, In 
"Hyperbolic Spaces and Related Topics", R.I.M.S. Kokyuroku 1104 (1999), 103-108. 

M. Sakuma, Epimorphisms between 2-bridge knot groups from the view point of Markoff 
maps, Intelligence of low dimensional topology 2006, 279-286, Ser. Knots Everything, 
40, World Sci. Publ., Hackensack, NJ, 2007. 

M. Sakuma and J. Weeks, Examples of canonical decompositions of hyperbolic link 
complements, Japan. J. Math. (N.S.) 21 (1995), 393-439. 

H. Schubert, Knoten mit zwei Brucken, Math. Z. 65 (1956), 133-170. 

M. Sheingorn, Characterization of simple closed geodesies on Fricke surfaces, Duke 
Math. J. 52 (1985), 535-545. 

S. P. Tan, Private communication, May 2011. 

S. P. Tan, Y. L. Wong, and Y. Zhang, SL(2, C) character variety of a one-holed torus, 
Electon. Res. Announc. Amer. Math. Soc. 11 (2005), 103-110. 

S. P. Tan, Y. L. Wong, and Y. Zhang, Generalizations of McShane's identity to hyper- 
bolic cone- surfaces, J. Differential Geom. 72 (2006), 73-112. 

S. P. Tan, Y. L. Wong, and Y. Zhang, Necessary and sufficient conditions for McShane's 
identity and variations, Geom. Dedicata 119 (2006), 119-217. 

S. P. Tan, Y. L. Wong, and Y. Zhang, Generalized Markoff maps and McShane's iden- 
tity, Adv. Math. 217 (2008), 761-813. 

S. P. Tan, Y. L. Wong, and Y. Zhang, End invariants for SL(2,C) characters of the 
one-holed torus, Amer. J. Math. 130 (2008), 385-412. 

S. P. Tan, Y. L. Wong, and Y. Zhang, McShane's identity for classical Schottky groups, 
Pacific J. Math. 237 (2008), 183-200. 

W. P. Thurston, The Geometry and Topology of Three-Manifolds, Electronic version 
1.0 - October 1997, available from |http: / / msr i.org/publications/books/gt3m/ 

M. Wada, OPTi, mathematical software, freely available at 



http://delta.math.sci.osaka-u.ac.jp/OPTi/index.html 

J. Weeks, Convex hulls and isometries of cusped hyperbolic manifolds, Topology Appl. 
52 (1993), 127-149. 



Department of Mathematics, Pusan National University, San-30 Jangjeon- 
Dong, Geumjung-Gu, Pusan, 609-735, Republic of Korea 
E-mail address: donghi@pusan . ac . kr 

Department of Mathematics, Graduate School of Science, Hiroshima Uni- 
versity, Higashi-Hiroshima, 739-8526, Japan 

E-mail address: sakuma@math.sci.hiroshima-u.ac.jp 



40 



